Superstring theories in the critical dimension D = 10 are connected to one another by a well-explored web of dualities. In this paper we use closed-string tachyon condensation to connect the supersymmetric moduli space of the critical superstring to non-supersymmetric string theories in more than ten dimensions. We present a new set of classical solutions that exhibit dynamical transitions between string theories in different dimensions, with different degrees of stability and different amounts of spacetime supersymmetry. In all examples, the string-frame metric and dilaton gradient readjust themselves during the transition. The central charge of the worldsheet theory remains equal to 15, even as the total number of dimensions changes. This phenomenon arises entirely from a one-loop diagram on the string worldsheet. Allowed supersymmetric final states include half-BPS vacua of type II and SO(32) heterotic string theory. We also find solutions that bypass the critical dimension altogether and proceed directly to spacelike linear dilaton theories in dimensions greater than or equal to two.
Introduction
Weakly coupled string theories in D > 10 dimensions are never supersymmetric, and they are described by an effective action with a positive-definite potential energy. It is not possible to have a supersymmetric state of a theory in which the vacuum energy is positive. In D ≥ 12 general considerations would appear to forbid unbroken supersymmetry: any maximally symmetric space with 12 or more dimensions and unbroken supersymmetry must have at least 64 fermionic generators in the unbroken superalgebra. Acting on massless states such as the graviton, the superalgebra would force the inclusion of massless states with helicity ≥ 5/2. No consistent interacting effective theory with massless states of helicity greater than 2 is known, and such theories are believed not to exist (at least not with a Lorentz-invariant vacuum).
In D = 11, the unique consistent low-energy effective theory with a supersymmetric ground state is 11-dimensional supergravity, which has a 32-component Majorana spinor's worth of fermionic generators. This theory appears as the effective action of a point on the supersymmetric moduli space of string theory; it becomes infinitely strongly coupled when considered as a string theory.
Nonetheless, weakly coupled string theories in dimensions 11, 12, · · · can be formulated, and appear to be internally consistent. Many such theories have tachyonic modes whose condensation can reduce the number of spacetime dimensions dynamically. It would be interesting to know whether this process can connect a theory in D > 10 to the web of supersymmetric vacua in 10 dimensions. Similarly, it would be useful to study whether one can reduce the number of dimensions dynamically in a critical or subcritical superstring theory to reach a ground state with a smaller number of dimensions. It has been argued that this may be the case [1] . If one treats the worldsheet theory semiclassically, it is easy to find two-dimensional theories describing the propagation of a string in a background where the number of spatial dimensions is different in the far past and the far future. The resulting worldsheet theories are super-renormalizable theories wherein dimensionful couplings are dressed with exponentials of the time coordinate to render them scale-invariant.
Such two-dimensional field theories define solutions of string theory only if they are conformally invariant at the quantum level. It has been checked [2] that conformal invariance holds quantum mechanically to leading nontrivial order in 1/D, in the limit where the number of spacetime dimensions becomes large and the change ∆D in the number of spacetime dimensions is held fixed. In this limit, quantum corrections to classical quantities are suppressed by the quantity D −(# loops) . This result was subsequently generalized in [3] . While the large-D limit provides a check on the consistency of dynamical dimension change in supercritical string theory, we are still left to wonder whether it is possible to reach the critical dimension by closed string tachyon condensation. When the number of dimensions approaches 10, the expansion parameter 1/D is no longer parametrically small, and quantum corrections to the semiclassical worldsheet picture are no longer suppressed.
In the absence of general existence theorems for such a CFT, the only hope is to find exact solutions describing closed string tachyon condensation of the kind that reduces the number of spatial dimensions dynamically.
In this paper we describe a set of such exact solutions. As in [4] , the models in this paper describe tachyon condensation along a null direction X + , rather than a timelike direction.
In the model of [4] , the closed string tachyon was independent of the D − 2 dimensions transverse to X ± . (The exact conformal invariance of those backgrounds was also remarked upon in [5, 6] .) In the models described in the present paper, the tachyon has a linear or quadratic dependence on a third coordinate X 2 , as well as exponential dependence on X + .
The effect is that string states are either pushed out along the phase boundary at X + ≃ 0, or else confined to the point in the X 2 dimension where the tachyon vanishes. At late times, strings inside the tachyon condensate are confined to X 2 = 0 with a linear restoring force that increases exponentially with time. As a result, strings are no longer free to move in the X 2 direction, and the number of spacetime dimensions decreases effectively by one. This model can be generalized to the case where the number of spacetime dimensions decreases by any amount.
The physics is qualitatively similar to that of [2] , but quantum corrections are exactly calculable without taking D → ∞. In particular, we can study the case where the number of dimensions in the far future can be equal to the critical dimension or less. When the final dimension is equal to the critical dimension, the dilaton gradient is lightlike, rolling toward weak coupling in the future.
The plan of the paper is as follows. In Section 2, we describe a dimension-changing bubble solution 1 in the bosonic string and use it to illustrate some aspects of dimension- 1 In [4] , it was argued that the lightlike Liouville wall can be thought of as the late-time limit of an expanding bubble wall, as illustrated in Fig. 6 below.
changing bubbles in general. In Section 3, we consider dimension-changing bubbles in unstable heterotic string theories, with special attention given to the case in which the final state preserves spacetime supersymmetry in the asymptotic future, verifying along the way a conjecture made in [1] and explored further in [2] . In Section 4 we introduce the corresponding solutions in the type 0 string, including solutions in which the asymptotic future is a supersymmetric vacuum of type II string theory. In Section 5 we discuss related issues and conclusions.
Dimension-changing bubble in the bosonic string
We focus in this section on solutions in bosonic string theory that describe transitions between theories of different spacetime dimension. Although we defer a more detailed description to a separate paper, we will rely on a few crucial elements of these solutions to characterize several aspects of the dynamics.
Giving the bosonic string tachyon T an expectation value
In [4] , we described a background of the timelike linear dilaton theory of the bosonic string in which the tachyon T condensed along a lightlike direction: 2) and the on-shell condition for a tachyon perturbation takes the form
For a timelike linear dilaton Φ = −qX 0 , the exponent β is determined by βq = 2 √ 2 α ′ , and the magnitude q is q 2 = 1 6α ′ (D − 26). This background can be thought of as the late-time limit of an expanding bubble of a T > 0 phase of the tachyon. Nothing can propagate deeply into the T > 0 phase, not even gravitons. The T > 0 phase can be understood to represent an absence of spacetime itself, or a "bubble of nothing". This connection has been made precise in various contexts [7] [8] [9] [10] [11] [12] [13] [14] [15] .
In these solutions, the tachyon is homogeneous in the X 2 , . . . , X D−1 directions. One can also consider situations where the tachyon has some oscillatory dependence on other coordinates. For instance, we can consider a superposition of perturbations
The tachyon couples to the string worldsheet as a potential:
At the classical level, the theory has a vacuum at X 2 = 0, with potential
where we have defined
The theory simplifies considerably when the wavelength k −1 of the tachyon is long compared to the string scale. Taking k → 0 with α ′ k 2 µ 2 k ≡ µ 2 and µ ′2 ≡ µ 2 0 − µ 2 k held fixed, the growth rate β k approaches β, and the X 4 2 and higher terms in the potential vanish. The tachyon becomes simply:
Intuitively, the physics of the solution seems rather simple. At X + → −∞, the string is free to propagate in all D − 1 spatial dimensions. As the string reaches a regime where X 0 ≃ −X 1 , there is a worldsheet potential that confines the string to the origin of the X 2 direction. In the region X + → +∞, strings propagate in a lower number of spatial dimensions altogether (specifically, D − 2). Strings which continue to oscillate in the X 2 direction will be expelled from the region of large tachyon condensate and pushed along the domain boundary X 1 ≃ X 0 at the speed of light. This is the essential physics of dynamical spacetime dimension change, at the level of semiclassical analysis on the string worldsheet.
In this interpretation, the meaning of the operator T 0 (X + ) is mostly, though not yet entirely self-evident. The most straightforward interpretation would be that T 0 should be thought of as representing tachyon condensation along a lightlike direction in the lowerdimensional string theory, in D − 1 spacetime dimensions. The parameter µ ′2 then becomes the amplitude of a mode exp (βX + ) of the tachyon, which one can fine-tune to zero by setting µ ′2 to vanish.
Less transparent is the meaning of the X + exp (βX + ) term in T 0 . One cannot fine tune its coefficient by hand, since neither X + exp (βX + ) nor exp (βX + ) : X 2 2 : is by itself an operator of definite weight (1, 1) . Only the combination that appears in T (X + , X 2 ) is an operator of eigenvalue one under L 0 andL 0 . This seems to leave the effective (D − 1)-dimensional string theory with a tachyon condensate, growing as X + exp (βX + ), which cannot be fine-tuned away. Without removing the X + exp (βX + ) term, we are left without an interpretation of our model as interpolating between two string theories with zero tachyon at X + = ±∞ in different numbers of dimensions.
We shall see presently that this term will be precisely canceled by the quantum effective potential generated upon integrating out the X 2 field. In retrospect, this is inevitable. The effective tachyon in the lower-dimensional string theory must couple to the string worldsheet as an operator of definite weight: this allows the term µ ′2 exp (βX + ) appearing in T 0 , but forbids any coupling that scales as X + exp (βX + ) in the effective theory.
Classical solutions of the worldsheet CFT
The string-frame metric is flat, and so the kinetic term for the fields is
Taking σ ± ≡ −σ 0 ± σ 1 , the equations of motion are
Treating X + as fixed, the effect of the interaction term on X 2 is to give the field a physical mass of magnitude M(X + ) ≡ µ exp 1 2 βX + . The equations of motion can be solved in full generality on a noncompact worldsheet.
Schematically, the general solution for X + can be expressed as
(2.12)
Given f ± , antiderivatives may then be defined as:
The general solution to the equation of motion for X 2 is thus a linear combination of solutions of the form
for an arbitrary set of amplitudes A ω .
Since the field equations are nonlinear, it is more complicated to find the general solution in finite volume, and we will not do so here. However, we can understand the finite-volume theory by looking at pointlike solutions in which the coordinates X ± , X 2 are independent of σ 1 . Then X + is of the form 15) so the equation of motion for X 2 becomes
The solution for X 2 can be expressed in terms of Bessel functions:
(2.17)
In particular, J 0 , Y 0 are respectively Bessel functions of the first and second kind, and A, B
are constants of motion. The particle behaves precisely as a harmonic oscillator with a time-dependent frequency
As predicted by the adiabatic theorem, energy in the oscillator grows in proportion to ω.
Although we are only solving the equation classically, we write 1 2Ẋ
where R ws is the worldsheet radius and N(σ 0 ) counts the number of excited oscillators. It is clear that N(σ 0 ) asymptotes to a constant N (fin.) in the limit σ 0 → ∞. By the virial theorem, the potential and kinetic energies separately approach 1 2 α ′ N (fin.) M(σ 0 ), on average. So, in particular, we find that
as σ → ∞.
The equation of motion for X − appears as
which means that
as σ 0 → ∞.
We can interpret this as follows. Once the particle meets the bubble wall, it accelerates rapidly to the speed of light and is pushed along the wall for all time, unless N = 0. The conclusion is intuitively obvious: strings with excited degrees of freedom corresponding to the X 2 direction are forbidden energetically from entering the interior of the bubble. Allowing σ 1 -dependent modes exp (inσ 1 ) of the X 2 field to be excited does not change this picture.
Each has a time-dependent frequency
and an energy that asymptotes to a constant multiple of ω n (σ 0 ):
as σ 0 → ∞. Only when N (fin.) n = 0 for all modes is it possible for the particle to enter the region X 1 X 0 .
Physics at large X +
At late times, the space of solutions to the equations of motion bifurcates into two sectors.
First, there is a sector of states that are accelerated along the bubble wall to near the speed of light. These states are pinned to the wall of the bubble, and they have an energy that increases quickly as a function of time. The dynamics of these states is essentially the same as the dynamics of the final states in the solution described in [4] . To be certain, these are the string states with modes of X 2 excited. At large σ 0 , the frequencies of these modes increase exponentially with time, so the condition of the adiabatic theorem is satisfied:
In the limit σ 0 → +∞, all modes of X 2 are frozen into their excited states, with fixed energies in units of ω n (σ 0 ). Recalling that X + is proportional to worldsheet time, with positive coefficient of proportionality βp + α ′ , we learn that modes pushed along the bubble wall will lose their ability cross through to the interior, as energy becomes locked permanently into their X 2 modes.
Second, we have states for which N n (σ 0 ) → 0 for all oscillators as σ 0 → +∞. For these states, the modes of X 2 are in their ground states, and X 2 can be integrated out. States with all X 2 oscillators in their ground states have vanishing classical vacuum energy in the X 2 sector. Quantum mechanically, their energy is 1 2 ω n (σ 0 ) for each oscillator. The total ground state energy of the oscillators as a function of time is then
26)
where Λ is a mass scale introduced to regulate the sum, and 2πR ws is the spatial volume of the worldsheet.
As Λ → ∞ there are various infinite, Λ-dependent terms in the quantum vacuum energy 
, the remainder of the one-loop effective potential is
where we have defined the following quantities:
The remainder V remainder ws (M; Λ) vanishes for X + → −∞, and becomes large as X + → ∞. It consists of a term proportional to M 2 ≡ µ 2 exp (βX + ), and a term proportional to M 2 ln(M 2 /µ 2 ) = µ 2 βX + exp (βX + ). As noted earlier, the first is a conformal perturbation, so it can be subtracted. This be thought of as fine-tuning a future boundary condition for the bosonic string tachyon of the D − 1 dimensional string theory inside the bubble. In practice, performing this subtraction amounts to adjusting the coefficient µ ′2 to cancel the term proportional to a 1 in Eqn. (2.28) above.
For definiteness, we chose to regulate the sum with the factor exp (−n 2 /R 2 ws Λ 2 ), but the results would be the same had we replaced exp (−n 2 /R 2 ws Λ 2 ) with B(n 2 /R 2 ws Λ 2 ), where B(s) is a smooth bump function of arbitrary shape which satisfies B(0) = 1 and approaches zero with all its derivatives when its argument goes to infinity. The only difference would have been a different value for the coefficient a 1 of M 2 . The coefficient a 2 is equal to − 1 4 for any form of the regulator.
We are left with the M 2 ln(M 2 /µ 2 ) term, which contributes
to the vacuum energy. There is a term of the same form that we were forced to add to the classical action to make our tachyon perturbation a marginal operator:
Using the relation βq = 2 √ 2 α ′ , we find that this addition is equal to The extensive piece of the vacuum energy, scaling like R +1 ws , vanishes between the tree-level terms (βX + ) exp (βX + ) and exp (βX + ), the one-loop effective terms, and the counterterms.
The next most important term at large volume, scaling like R −1 ws , is the Casimir energy, which is related to the central charge.
The Casimir energy E 0 (M; Λ; R ws ) − 2πR ws V 1−loop ws (M; Λ) in the X 2 sector changes as we go from X + = −∞ to X + = +∞. At X + = −∞, the mass of the X 2 field vanishes, and the Casimir energy in the X 2 sector is −1/12R ws , as usual for a massless field. As X + → +∞, the Casimir energy approaches zero as exp (−MR ws ), which would be expected for a massive field. In particular, the 1/R ws term in the energy vanishes at X + → ∞. We can infer from this that the central charge in the X 2 sector changes between X + = −∞ and X + = +∞. In the full theory of the X ± , X 2 fields, the total central charge is independent of X + , as it must be for consistency of the CFT. We will now discuss the quantum properties of the theory and see directly how the metric and dilaton are renormalized by a loop diagram, giving rise to the necessary adjustment of the central charge.
Structure of quantum corrections in the worldsheet CFT
The properties that render the theory exactly solvable at the classical level also give the quantum theory very special features. The most striking aspect of the quantum worldsheet theory in the dimension-changing transition is that the worldsheet CFT is not free, though its perturbation series is simple enough that all quantities can be computed exactly. In particular, all connected correlators of free fields have perturbation expansions that terminate at one-loop order.
This can be seen directly from the structure of Feynman diagrams in the 2D theory. 2 By the underlying Lorentz invariance of the theory on a flat worldsheet, the propagator X µ X ν is proportional to G µν , so it only connects "+" fields to "−" fields. Denoting the massive field X 2 with a solid line and the X ± fields by dashed lines, we may therefore draw massless propagators as oriented, with arrows pointing from + to −.
Since the vertices depend only on X + and not on X − , the interaction graphs have only outgoing, and no incoming, dashed lines. It follows immediately that no two vertices can be connected with a dashed line. Furthermore, every vertex has exactly zero or two solid lines passing through it, and we deduce that every connected Feynman diagram must have either zero or one loops. To see this, ignore all dashed lines in the Feynman diagram: this gives a collections of solid line segments and solid loops. If there is more than one solid piece, then the full diagram (including dashed lines) must be disconnected, since one can never connect two disconnected vertices using dashed lines.
We conclude that every connected tree diagram with multiple vertices has the structure of an ordered sequence of vertices with a solid line passing through, and arbitrary numbers of dashed lines emanating from each vertex. This is depicted in Fig. 1 , in the particular case where one massless line emerges from each individual vertex.
There is also a class of one-vertex tree diagrams representing the counterterms and classical potential exp (βX + ), (βX + )exp (βX + ) and X 2 2 exp (βX + ), with arbitrary numbers of dashed lines emanating from them, and two or zero solid lines. These diagrams are shown in Fig. 2 
and 3.
2 Very similar arguments were used to constrain quantum corrections in [4] [5] [6] . 
Dynamical readjustment of the metric and dilaton gradient
The one-loop diagrams can be thought of as a set of effective vertices for X + , associated with integrating out the massive field X 2 . The operators generated in this fashion redefine the background fields in the target space of the lower-dimensional string theory at large X + . Most of these fields vanish in the limit X + → ∞. To see this, note that an operator with canonical weight (h, h) can only appear dressed with M 1−h . For instance,
can only acquire the dressing µ −10 exp (−5βX + ). Since all undressed operators that appear have integer weight, the only operator with increasing dependence on X + is the identity, dressed with exp (βX + ). However, this is just the coupling of the lower-dimensional effective tachyon, which we have fine-tuned to zero by adjusting µ ′2 .
Operators of weight (2, 2) and higher die off with increasing X + . Therefore, the only 2D couplings on which the loop diagrams have any effect in the X + → ∞ limit are the string frame metric G µν , which couples to (∂ + X µ )(∂ − X ν ), and the dilaton Φ, which couples to the worldsheet Ricci scalar. (Worldsheet parity symmetry, among other constraints, forbids a renormalized background for the B µν field in this solution).
It is not difficult to integrate out X 2 and extract the one-loop shifts in these two couplings.
Integrating out a real scalar with mass M contributes to the effective dilaton (see Ref. [2] for further details) by an amount
whereμ is an arbitrary mass scale involved in the definition of the path integral measure.
There is also a nonzero renormalization of the string-frame metric. For a mass term
where M depends arbitrarily on all coordinates other than X 2 , the metric G µν is renormalized [2] by an amount Let us now check the linear dilaton contribution to the central charge in the X + → ∞ limit. From the above analysis, we find a renormalized dilaton gradientV µ ≡ V µ + (∆V ) µ and string frame metricĜ µν ≡ G µν + ∆G µν given bŷ
(2.38)
In the limit X + → +∞, we therefore recover a contribution to the central charge from the renormalization of the linear dilaton equal to
The central charge contribution from X 2 decreases by one unit in this limit, so the total central charge remains the same. Instead of an overall net change, units of central charge contribution have merely been transferred from those of the free scalar X 2 to those coming from the strength of the dilaton gradient. Henceforth, we refer to this as central charge transfer.
The central charge transfer mechanism works equally well when the tachyon has a quadratic minimum in several dimensions X 2 , · · · , X n+1 , rather than just one. In that case the worldsheet Lagrangian is deformed by a term ∆L = − 1 2π T (X), with
:
The renormalizations ofĜ µν andV µ receive contributions from n real scalars, rather than
The dilaton contribution to the central charge in the X + → ∞ limit becomes
which compensates the loss of n units of central charge carried by the n real scalars X 2 , · · · , X n+1 .
The central charge transfer described here is the same as the mechanism studied in [2] .
In the model studied in [2] , the tachyon condenses along a timelike rather than lightlike direction. As a result, there are Feynman diagrams involving loops of the X 0 field that make contributions to the renormalized metric and dilaton, suppressed by powers of n/(D − 26).
The CFT describing timelike tachyon condensation can only be treated semiclassically if D >> 26 and n is small, so the description [2] can never be perturbative when describing a return to the critical vacuum. In the present model, the one-loop renormalizations are exact, and no large-D limit need be taken. We can therefore study transitions in which the number of spacetime dimensions at X + → ∞ is equal to the critical dimension or less! To make the final number of dimensions equal to the critical dimension D crit = 26, choose n = D − 26. The final dilaton gradient is nonvanishing, but it is null with respect to the final string-frame metric. Furthermore, the productĜ µνV µ ∂ ν T /T is positive, signaling a dilaton rolling to infinitely weak coupling in the future of the final, critical vacuum. 3 In the remainder of this paper we study several models describing tachyon condensation along lightlike directions. In each of the models we study, amplitudes receive quantum corrections from Feynman diagrams with at most one loop, and central charge is transferred from free fields to the strength of the dilaton gradient in such a way that the theories at X + = ±∞ all have constant total central charge, despite living in a different number of spacetime dimensions.
Dimension-changing transitions in heterotic string theory
We will now describe exact classical solutions of heterotic and type 0 string theory in which the total number of spacetime dimensions decreases by n. In the case n = D − 10, the final vacuum has the critical number of dimensions D crit = 10, with flat string-frame metric, and lightlike linear dilaton rolling to weak coupling in the future. The particular heterotic theory we study has gauge symmetry SO(22+D) and a tachyon T a transforming in the fundamental representation. This is the second of the two unstable heterotic theories described in [1] , 4 named type HO +/ . The tachyon in the type 0 theory has a single real component T , as always.
If the D-dimensional theory at X + = −∞ has its spacelike dimensions in the form of the maximally Poincare-invariant D − 1 dimensional IR D−1 , then the final theory is type HO +/ or type 0 in D − n dimensions, with spatial slices of the form IR D−1−n .
Alternately, the spatial slices of the initial theory can be given certain orbifold singularities on which light spacetime fermions can live. The lower-dimensional theory at X + = +∞ then has spacetime fermions as well. In the case where the final dimension is critical, we can reach the spacetime-supersymmetric SO(32) heterotic or type IIA/B string theory.
In all cases, the readjustment of the dilaton and the string-frame metric comes from a one-loop calculation on the worldsheet, just as in the dimension-changing transition we studied in the bosonic string above.
Description of type HO +/ string theory in D > 10
In heterotic string theory, the continuous worldsheet gauge symmetry of the string is (0, 1) 10) . The central charge is then critical, and the worldsheet CFT defines a classical solution to string theory that comprises a heterotic version of the timelike linear dilaton theory. Conformal invariance is automatic, since the worldsheet theory is free and massless, with action where the component action comes from integrating the superpotential over a single Grassmann direction θ + :
The object F a is an auxiliary field, and the kinetic term for the free, massless theory contains a quadratic term 1 2π F a F a . Integrating out F a results in a potential of the form
and a supersymmetry transformation {Q,λ a } = 1 2 : T a :. 5 The operator : T a (X) : must be a superconformal primary of weight ( 1 2 , 1 2 ). Therefore, the equation of motion for a weak tachyon field is
Even for perturbations satisfying the linearized equations of motion, there will generally be singularities in the product of a tachyon insertion with itself. Consequently, there will arise a nontrivial conformal perturbation theory that must be solved order by order in the strength of T . However, there are special choices of T for which there are no singularities in the OPE of a superpotential insertion with itself, and the perturbation is exactly marginal. 5 Above, we have written the normal-ordered form : T a (X) 2 : of the potential, rather than the singular form ( : T a (X) : ) 2 . In the example we study, the difference between the two is canceled by a second-order term in conformal perturbation theory that is generated when two insertions of the Yukawa coupling approach each other. In terms of Feynman diagrams, this is just the supersymmetric cancellation of the vacuum energy.
The simplest such choice is for the gradient of the tachyon to lie in a lightlike direction:
The resulting bosonic potential is positive-definite and increasing exponentially toward the future:
This theory has a potential barrier that is like a Liouville wall moving to the left at the speed of light, similar to the solution of [4] . This theory may have interesting dynamics, and should be studied further.
The next simplest case is the one in which we allow the tachyon to vary in n dimensions X 2 , . . . , X n+1 transverse to the light-cone dimensions X ± . We assume that the tachyon has an isolated zero T 1 = · · · = T n = 0 at X 2 = · · · = X n+1 = 0, and we take the limit in which the spatial wavelengths k −1 2 , · · · , k −1 n+1 of the tachyons go to infinity. We can then approximate the tachyon field by
Taking the long-wavelength limit for the tachyons amounts to dropping the kX 2 terms.
The assumption of an isolated zero is equivalent to assumingμ a b is nondegenerate. For simplicity, letμ a b ≡ µ δ a b . The superpotential is then
and the interaction Lagrangian appears as
: X 2 a+1 :
11)
This superpotential is the same as the one in [1, 2] , except that the tachyon is increasing in a lightlike direction rather than a timelike direction.
The equations of motion are
In infinite volume, the construction of the general classical solution proceeds in parallel with the case of the bosonic dimension-changing transition. If we are interested in understanding the classical behavior, we can set the fermions to zero. Defining f ± , F ± as in Eqns. (2.12) and (2.13), we write
The general solution for X 2 is then
Choosing a set of mode amplitudes A ω,(i) , one can solve the equations of motion for X − by treating it as Poisson's equation, with a fixed source proportional to X 2 2 exp (βX + ). To understand the classical behavior of strings at late times, we make the ansatz ∂ σ 1 X + = 0, and define N n(i) (σ 0 ) as the occupation numbers for the modes of the X i fields. Choosing p + > 0, we have
for large values of X + . If we further assume that the X i are independent of σ 1 , then N i(n) = 0 for n = 0. In this case the behavior of X − at late times approaches
Any nonzero values for N n(i) (n = 0) can only contribute positively to the growth of X − , by an amount increasing exponentially in time like M. The particle therefore accelerates to the left, quickly approaching the speed of light, unless all X i oscillators are in their ground states.
The theory behaves in a simple fashion at the quantum level as well. Just as for the dimension-changing transition in the bosonic string, the renormalization of the dilaton and metric occur only at one-loop order on the worldsheet, where only the massive fields λ a , X a+1 , ψ a+1 circulate in the loop.
Integrating out a massive Majorana fermion of mass M(X) gives the shifts
at one-loop order. Here, M(X) is allowed to depend arbitrarily on the target space coordinates X µ ∈ {X ± , X n+2 , · · · , X D−1 }, which are not being integrated out. Using the formulae in Eqns. (2.33) and (2.35), we see that the contribution from the massive boson is twice that for the massive fermion. The total contribution from all the massive X, ψ andλ fields is therefore
we obtain
with all other components of G µν and V µ unrenormalized.
One difference from the dimension-changing domain wall in the bosonic string is that the potential energy need not be fine-tuned by hand. Since we are integrating out fields in complete multiplets, the quantum correction to the potential energy vanishes. Even nonperturbatively, the effective potential at X 2 = · · · = X n+1 = 0 must vanish. Any correction to the effective potential must come from an effective superpotential term containing a singleλ fermion. The remaining fermions areλ n+1 , · · · ,λ D+22 . Any effective superpotential with a singleλ fermion would violate the residual SO(D + 22 − n) symmetry left unbroken by the tachyon vev.
The linear dilaton central charge at X + → +∞ is
(3.21)
Using q 2 = 1 4α ′ (D − 10) and qβ = √ 2/α ′ , we find that the final dilaton central charge is
Thus, exactly 3n/2 units of central charge are transferred from the n massless multiplets X a+1 , ψ a+1 and current algebra fermionsλ a to the dilaton gradient at X + = +∞. The total central charge is again the same at X + = +∞ as at X + = −∞, and in particular equal to (26, 15).
Transitions among nonsupersymmetric heterotic theories
In the case where the spatial slices are simply IR D−1 , we can choose n to be any integer from 1 to D − 2. We always end up at X + = +∞ with a consistent string theory in D − n dimensions with total central charge equal to (26, 15) where the bubble is a domain wall moving to the left at the speed of light.
We can also choose the maximal number of transverse dimensions n = D − 2. In this case, the tachyon in the final theory is stabilized due to its modified dispersion relation in the background of the linear dilaton [16] . This theory has unbroken gauge symmetry SO(24), and a finite number of local degrees of freedom (namely, a set of scalar tachyons in the fundamental representation of SO(24)).
In other words, the tachyon in the 2D string theory is precisely zero. The end of the throat in the 2D theory is at infinitely strong coupling, with no Liouville wall to bar string states from the strong coupling region; this theory was studied in [17] . At a generic point in the moduli space of the 2D theory, the tachyon condensate is nonzero, and the maximum coupling attainable by a string is finite. This perturbation cuts off the strong coupling end of the theory with a Liouville wall, and is a valid perturbation of the pure 2D string theory.
However, we do not know how this perturbation lifts to a deformation of our full solution.
The 2D heterotic background was analyzed recently in [18, 19] and found to have a nontrivial phase structure, as well as a characteristic nonlocal behavior not familiar from field theory or other string theories. It would be interesting to understand the ways in which the peculiar properties of the 2D heterotic theory might descend from the properties of the higher dimensional theory that from which it decays via closed string tachyon condensation.
3.4
Return to the supersymmetric vacuum in D = 10 with gauge group SO(32)
Another interesting option is to orbifold the spatial slices IR D−1 by a Z Z 2 involution that acts on D − 10 of the spatial coordinates X 2 , . . . , X one needs the superpotential to be even under the orbifold action. We may therefore use only odd coordinates b ∈ {1, · · · , D − 10}. The mass matrixμ thus has rank n at most D − 10, and we will take it to be µ ½ n×n .
The maximal value n = D − 10 is particularly interesting. In this case, the final theory is critical, with lightlike linear dilaton and continuous gauge group SO(32). The GSO projection inherited by the critical theory is Z Z 2 × Z Z 2 , generated by worldsheet fermion number mod two, g F ≡ (−1) F W and g L ≡ (−1) #λ , which is the center of the unbroken SO(32).
The bosons and right-moving fermions on which g L acts nontrivially are massive, and decoupled at X + → +∞. Likewise, after we integrate out massive fields at X + → +∞, g R ≡ g F g L acts only on right-moving fermions ψ µ . The Z Z 2 × Z Z 2 GSO projection is precisely the spacetime-supersymmetric GSO projection of the SO(32) heterotic string. The gravitini that generate spacetime supersymmetry transformations are the massless ground states of the sector twisted by g R .
The final state of our theory is therefore a state of the supersymmetric heterotic string with SO(32) gauge group. Indeed, the final state in this example is actually a BPS solution in the limit X + → ∞. To see this, recall the supersymmetry transformations for the heterotic string [20] 
For flat string-frame metric, vanishing H-flux and trivial SO(32) gauge field, the supersymmetry transformations reduce to 4 Dimension-changing transitions in type 0 string theory
The worldsheet continuous gauge symmetry in type 0 string theory is (1, 1) superconformal invariance. Not counting ghosts and superghosts, the 2D fields on the string worldsheet are D embedding coordinates X µ and their fermionic superpartnersψ µ , ψ µ , and the physical states of the string are normalizable, super-Virasoro primaries of weight ( 1 2 , 1 2 ). The total central charge of the matter must be (15, 15) , and the central charge contributed by D free massless fields X µ and their superpartners is (15, 15) + 3 2 (D − 10), 3 2 (D − 10) . The central charge excess can be canceled by adding a dilaton gradient V + = V − = −q/ √ 2, where
The worldsheet CFT then defines a supercritical type 0 string theory, with worldsheet action
4.1 Description of type 0 string theory in D > 10
The discrete gauge group of the worldsheet is a single, overall Z Z 2 acting with a −1 simultaneously on all fermions ψ,ψ. This is just the symmetry (−1) Fw of worldsheet fermion number mod 2, which must be gauged in any consistent theory involving worldsheet fermions. There is also an apparent global symmetry acting onψ with a −1 and on ψ with a +1. We call this symmetry 'apparent' because it is violated in type 0 string theory in odd dimensions, as will be demonstrated below. This symmetry, which we refer to as (−1) F Lw (the 'L' indicates "left"), has no analog in the physical spectrum of type II string theories because it is gauged;
it becomes part of the GSO group, along with (−1) Fw .
All type 0 theories have a single real tachyon T , corresponding to the oscillator ground state of the NS/NS sector. The tachyon T couples to the string worldsheet as a superpotential, so it must be odd under (−1) F Lw if (−1) F Lw is indeed a symmetry. In addition to the NS/NS sector, there is a R/R sector in which the worldsheet fermions are all periodic, and states correspond to massless p-form fields. In even dimensions the content of the R/R sector is either
, depending on the sign choice of the GSO projection. Here [p] denotes a massless p-form potential, and the superscript denotes the multiplicity. In odd dimensions there is only one choice of GSO projection, and the spectrum of p-form fields is
In odd dimensions the symmetry (−1) F Lw is anomalous as a global symmetry on the string worldsheet. There is no consistent assignment of transformations to spin fields for which the OPE preserves any chiral R-parity. To see this, notice that the R/R p-forms have vertex operators that are spin fields for an odd number of left-moving and an odd number of right-moving worldsheet fermions. Likewise, the OPE of two such spin fields closes on NS/NS fields with an odd number of left-and right-moving worldsheet fermions. 6 There are therefore nonvanishing three-point functions that would violate the Z Z 2 symmetry for any choice of action on the R/R form. An example would be the three-point function involving two R/R axions and a tachyon.
Since the tachyon is odd under (−1) F Lw , the symmetry (−1) F Lw cannot extend as a Z Z 2 symmetry to act in a consistent way on the R/R scalar as well. One could try to extend (−1) F Lw to generate a Z Z 4 symmetry, but this would mean it would have to act on the R/R zero-form with eigenvalue ±i. The complex conjugate of the R/R axion would then have to have the conjugate eigenvalue. Since the R/R axion is a real field, however, this is not possible.
Another way to see the absence of a conserved (−1) F Lw is to consider amplitudes on the torus, with the odd spin structure (P, P ) for the worldsheet fermions. In D dimensions, this spin structure has D zero modes for the right-moving fermions and D zero modes for the left-moving fermions. There are therefore nonvanishing amplitudes with D tachyon vertex operators inserted. If D is odd, there is no way for the tachyon to be odd under a conserved (−1) F Lw .
Since we gain our control over tachyon condensation in the type 0 theory by using the exact global symmetry (−1) F Lw , we will focus on even dimensions D = 10 + 2K. Though it is not in general possible to orbifold by (−1) F Lw (i.e., to treat it as part of the GSO group), it is always a good global symmetry of the worldsheet in even dimensions, and therefore an exact discrete gauge symmetry in spacetime. Any superpotential W preserving (−1) F Lw must be odd under it, since the superspace measure dθ + dθ − is also odd. (−1) F Lw is therefore a discrete R-parity, and its existence will allow us to constrain tachyon condensates in a natural way, without fine-tuning.
Giving a vev to the tachyon T
We wish to deform the background by a tachyon expectation value that obeys the equations of motion. The tachyon couples to the worldsheet as a superpotential, integrated over one Grassmann variable θ ± of each chirality:
Including the 1 2π F µ F µ term that comes along with the kinetic term, and integrating out the auxiliary field F µ , we find the resulting potential
The condition for conformal invariance of the linearized perturbation is that : T (X) : be primary of weight ( 1 2 , 1 2 ). This amounts to the condition
Our exactly solvable examples have T appearing with exponential dependence on a lightlike direction. The simplest case to consider is the case where T = exp (βX + ) and βq = √ 2/α ′ . This perturbation is conformally invariant and gives rise to an exactly solvable background describing a transition between two different string theories. It does not reduce the number of spacetime dimensions, however, and we leave a detailed interpretation to a forthcoming paper [21] .
Searching for exactly solvable models of dynamical dimension change, it turns out that the easiest models to control are those for which the vev of the tachyon preserves spacetime reflection symmetry, and some combination of the chiral R-parity (−1) F Lw . We thus look for perturbations such that the superpotential W is odd under the reflection of some subset of the coordinates Y b ≡ X b+1 , with b = 1, . . . , n:
were thef b depend only on X 0 , X 1 , X n+2 , . . . , X D−1 . Taking k n → 0, we obtain the limiting configuration
We can further restrict the form off b by adopting the following ansatz:
where f b (X) depends only on X n+2 , . . . , X D−1 .
Treating the theory semiclassically, the potential takes the form The type of transition described by such a CFT describes a picture of string theory in which the theory begins in a primordial, cosmological state at early times and chooses a topology dynamically, through closed string tachyon condensation. 7
In general, quantum effects will alter this picture substantially. The on-shell condition for the linearized tachyon perturbation is which is satisfied if and only if
By superposing different f b , tuning coefficients and taking the long-wavelength limit k 2 b α ′ → 0, one can obtain superpotentials of the form Y b P b (X i , X + ), where P b (X i , X + ) are polynomials in the X i and X + . At fixed X + , the locus M is an arbitrary real algebraic variety.
The X + encode the leading logarithmic corrections to the size and shape of the manifold M under renormalization group flow. The X + dependence can vanish only if ∂ 2 i P b = 0. We consider the simplest case where the above condition holds, namely when the f b (X) are linear functions of X:
The condition that M be nonsingular reduces to the condition thatμ a b have nonvanishing determinant. For simplicity, we takeμ equal to µ ½ n×n : 13) in which case the full superpotential is In the case where the spatial slices are simply IR D−1 , we can choose n to be any integer in the range n ∈ 1, . . . , D 2 − 1. At X + = +∞ we arrive at a consistent string theory in D − 2n dimensions, with total central charge equal to 15. If 2n < D − 10, the final theory is another supercritical theory, while for 2n > D − 10 we end up with a subcritical theory with a spacelike linear dilaton. If 2n = D − 10, the final theory is a critical, unstable string theory of type 0 with a lightlike linear dilaton rolling to weak coupling in the future. This theory has an unbroken Z Z 2 symmetry under which the tachyon is odd. The tachyon in the 2D string theory is identically zero. The 2D type 0 theory can be deformed by the addition of a Liouville wall in the usual way [17] . As for the 2D heterotic case, we do not know what deformation of our full, time-dependent solution would produce a Liouville wall in the final state.
Return to the supersymmetric type II vacuum in D = 10
We can also consider orbifolding the spatial slices in a particularly interesting way. As in the heterotic case, allowed orbifold singularities are highly constrained by the requirement of modular invariance, which manifests itself as the need for level matching in twisted sectors. For the type 0 string in D ≡ 10 + 2K dimensions, the simplest consistent orbifold action is a Z Z 2 generated by an operation g L . We define g L to act by reflection of the K real coordinates Y b , as well as acting by the symmetry (−1) F Lw , which acts as −1 on the left-moving worldsheet fermions. Therefore, g L acts with a minus sign on the left-moving worldsheet supercurrent as well. In other words, in addition to its geometric action, g L is a chiral R-parity. The full GSO/orbifold group is then {1, (−1) Fw , g L , g R ≡ (−1) Fw · g L }.
The resulting singularity Y b = 0 preserves a Poincare invariance of the IR 9+K,1 longitudinal to the fixed locus, parametrized by {X 0 , X 1 , X K+2 , . . . , X 2K+9 }. This symmetry is broken only by the timelike linear dilaton. There is also an SO(K) rotational invariance transverse to the fixed locus. In the NS/NS and R/R sectors the coordinates Y b are untwisted, while in the R/NS and NS/R the coordinates Y b are twisted. That is, spacetime fermions live only on the geometric fixed locus, and spacetime bosons propagate only in the bulk. Now we calculate the ground state weights in the various sectors, ignoring the contributions of ψ 0,1 ,ψ 0,1 fermions. 8 The oscillator ground states in the R/NS sector have weight K 8 + 1 2 , K 8 . The GSO and orbifold projections in the twisted R/NS sector can be satisfied by acting with a single fermionic oscillator ψ X µ , with µ = 0, 1, K + 2, . . . , 2K + 9, which gives a level-matched state of weight K 8 + 1 2 , K 8 + 1 2 . The ground states in the twisted R/NS sector make up the states of a massless vector-spinor Ψ µ αp , where α is a spinor index of SO(9 + K, 1) and p is a spinor index of the transverse SO(K). The vector index µ runs only along the longitudinal directions µ = 0, 1, K + 2, . . . , 2K + 9. The NS/R sector is also level-matched, with the same content as the R/NS sector.
The GSO projection cuts the multiplicity of the localized fermions by imposing the con-
where Γ SO(9+K,1) and γ SO(K) are products of all gamma matrices of the longitudinal SO(9 + K, 1) and the transverse SO(K), respectively. The ± sign can be chosen independently in the NS/R and R/NS sectors. When K is even, these are simply the usual chirality matrices, up to a phase. When K is odd, there is no chirality for spinors of SO(9 + K, 1) or SO(K), but there is still a combined condition that cuts the complex Dirac spinor representation by two. The precise meaning of this condition depends on the value of K, mod eight, and can be read off the table and discussion in Appendices A.3 and A.4 of [1] (with n in that reference replaced by K here.) There is also a reality condition naturally derived from the 8 We eliminate these as usual, using the gauge freedom of local worldsheet supersymmetry.
reality of the worldsheet fermions. The details of this condition also depend on the value of K mod eight (for further details, the reader is referred to Ref. [1] ).
Apart from generating an interesting spectrum of massless fermions propagating on the fixed locus, the other effect of the orbifolding is to impose boundary conditions on the bulk fields at the orbifold singularity Y b = 0. In particular, the superpotential W must be odd under any chiral R-parity. If W is a function of X, Y only, it must therefore be odd under
Since any allowed worldsheet superpotential must be odd under g L , the tachyon must be odd under reflection of Y :
T (X, −Y ) = −T (X, Y ) . In particular, the tachyon must vanish at the origin of the Y coordinate. The bosonic potential must therefore have a minimum at Y = 0 with zero energy, just as in the heterotic case.
By pairing Y and X coordinates with mass terms in the superpotential, we can eliminate a maximum of 2K dimensions: all K of the Y dimensions can pair with K of the X µ directions and give them mass. The minimum dimension of the critical final state is therefore 10. By the same calculation we performed in the heterotic case (see Eqn. (3.22) ), the metric and dilaton change by
(4.17)
The readjusted dilaton is null with respect to the readjusted metric, which implies c dilaton = 3(n − K) . Moreover, the GSO projection is that of type II string theory rather than type 0. Since all degrees of freedom in the Y multiplets have become massive and decoupled, the orbifold symmetry g L acts only on the remaining left-moving fermionsψ µ . That is, g L becomes equal to (−1) F Lw . Therefore the GSO group in the final state at X + → ∞ is generated by (−1) F Lw and (−1) Fw , which means the effective GSO projection and Ramond sector content is exactly that of a type II string, rather than type 0 string. The final vacuum is the critical, supersymmetric vacuum of type II string theory, with the choice of IIA or IIB depending on whether the initial supercritical state is type 0A or 0B.
In the absence of flux, the supersymmetry transformations of the gravitini and dilatini in type II string theory are δΨ (1,2) µ = ∂ µ ǫ (1, 2) , δΛ (1, 2) = Γ µ (∂ µ Φ)ǫ (1, 2) .
For a final dilaton gradient ∂ µ Φ that is constant and lightlike, there are exactly 16 supercharges preserved, out of the full 32. Our solution therefore describes the dynamical relaxation of a nonsupersymmetric, supercritical phase of string theory to a half-BPS state of the critical type II theory. In the case where the final state is type IIA string theory, other solutions with the same late-time asymptotics have been found [22] , and defined nonperturbatively in the string coupling. The resolution of the early-time behavior is quite different from ours, involving a matrix theory definition of the strong coupling region rather than the addition of supercritical dimensions. There are, in other words, at least two valid completions of the the 10-dimensional lightlike linear dilaton theory in the strong coupling regime.
This serves as a reminder of the dissipative nature of physics in an expanding universe.
Conclusions
We have introduced solutions to string theory that interpolate between theories in different total numbers of spacetime dimensions. These backgrounds are solutions to the classical equations of motion in the spacetime sense, and we have shown that they are exact to all orders, in the worldsheet sense. The consistency of these transitions depends on the dynamical readjustment of the dilaton and the metric. These effects come from a one-loop renormalization on the string worldsheet, and they render the total central charge on the worldsheet critical in both limits of the solution, X + → ±∞.
The solutions work similarly in the bosonic, type 0, and unstable heterotic HO +/ theories.
In the latter two cases, orbifold singularities can be introduced into the initial state, with boundary conditions chosen such that the final state can preserve some spacetime supersymmetry in the limit X + → +∞. Since the spacetime supersymmetry of the final state is an exact symmetry of the dynamics, it must be viewed as broken spontaneously, rather than explicitly, for finite X + . We arrive at the striking conclusion that string theories in arbitrarily high dimensions can preserve an exact dynamical supersymmetry, albeit nonlinearly realized.
Our exact solutions describing transitions from the supercritical theory to supersymmetric vacua of the critical theory provide conclusive evidence in favor of the proposals in [1, 2] .
We have shown that our CFT can be solved exactly at the classical level, on a worldsheet of infinite extent. It seems unlikely that quantum corrections should vitiate the solvability of the classical theory, since the perturbation series in all of our models terminate at one loop. Solving the theories explicitly in finite volume, and with quantum corrections included, would be extremely interesting.
The total number of string states at a given mass level goes down when the number of spacetime dimensions decreases. Even with our simple ansatz for classical solutions of the worldsheet theory, however, we can see the outlines of the mechanism by which the number of degrees of freedom in the theory is reduced. String states that do not 'fit' into the worldsheet CFT of the final spacetime are pushed along the wall of an expanding bubble. Only string states with no degrees of freedom excited in the massive sectors are allowed to enter the interior of the tachyonic phase.
We also saw that the final state of the theory, including the topology and total number of dimensions, is not dictated by the initial state. Rather, it is determined dynamically by the configuration of the closed string tachyon. This suggests a picture of a string landscape in which all lower-lying regions are accessible from a summit of highly supercritical theories.
The notion of the supercritical string as a primordial phase from which all other string theories can emerge can be viewed as a closed-string extension of the K-theory constructions of open string theory [23] . We feel this direction of investigation deserves further development.
